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Algebraic Markets: Robust Equilibrium Existence

ARTHUR DOLGOPOLOV
Department of Economics and Finance, University of Rome Tor Vergata

I demonstrate an algebraic framework for markets with indivisible
goods where competitive equilibrium prices are guaranteed to ex-
ist for every admissible profile of preferences if and only if the cor-
responding welfare-maximization problem can be solved efficiently.
In other words, competitive markets solve precisely the class of all
tractable optimization problems. This result holds for any valuation
class that satisfies the algebraic assumption and applies to markets in-
volving both private and public goods. The findings build on a novel
connection between market equilibria and valued constraint satisfac-
tion problems from complexity theory. I illustrate how this approach
can be employed to establish the existence or nonexistence of com-

petitive prices in several new settings.

KEYWORDS. Asymptotic complexity, Competitive equilibrium, Valued

constraint satisfaction, Supermodularity.

JEL CLASSIFICATION. First JEL, C62, D47, C61.

1. INTRODUCTION

When does a market equilibrium provably exist? A well-known sufficient con-
dition is the gross substitutes property (Kelso Jr and Crawford (1982), Gul and
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cisions for their insightful comments on the early versions of this paper.
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2

Stacchetti (1999)), but it is often too restrictive for practical market design ap-
plications (Brandenburg et al. (2023)). This paper proposes a new, complexity-
theoretic approach to identifying classes of valuations that guarantee equilib-
rium existence.

An instructive example comes from Bikhchandani and Ostroy (2002), who
showed that in a particular combinatorial auction environment of a package as-
signment problem, a market equilibrium exists if and only if a specific integer
program can be solved via the corresponding (non-integer) linear programming
approximation. Remarkably, constraint matrices of bipartite assignment prob-
lems have the total unimodularity property', which renders the solution of the
linear program integral (Hoffman (1956)). Hence, for this class of problems,
equilibria always exist. Since linear programming is computationally easy, so
is the problem of finding efficient allocations for assignment problems, which
was already noted by Von Neumann (1950). This raises the question of whether
the tight link between polynomial-time solvability and equilibrium existence ex-
tends beyond this special case.

To this end, the present paper makes two contributions. On the theoretical
side, it shows that, within a particular algebraic framework of markets over dis-
crete goods, competitive equilibria exist exactly for those classes of allocation
problems that are tractable in the algorithmic sense, that is, solvable in polyno-
mial time. The implication from equilibrium existence to tractability is intuitive,
since computing an equilibrium yields an efficient allocation. The converse —
that any tractable problem corresponds to a market that admits a competitive
equilibrium — is less immediate and is the main conceptual result. When equi-
libria exist, the supporting prices can also be found in polynomial time from the
dual program.

On the practical side, the paper develops a method for identifying classes of
valuations and allocation problems for which equilibrium existence is guaran-
teed. The party organizing a combinatorial auction or an exchange (the ‘de-

signer’) must fix an elicitation and pricing format ex ante, before observing bids:

! A matrix is totally unimodular if every square submatrix has determinant 0, 1 or —1.
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Algebraic Markets 3

for example, permitting only item prices, or allowing limited forms of package
bids. The designer has to know for which classes of valuations this format always
admits prices that support an efficient allocation in equilibrium, to guarantee
convergence to an efficient allocation. Complexity of finding the efficient alloca-
tion can be used as an indicator of whether competition will reach this outcome,
and can be mined for new positive or negative results: classes of valuations that
guarantee existence or imply non-existence. Consider a market with pairwise
complementarities: a number of broadcasters are competing for consumers liv-
ing on an undirected graph. The broadcasters can sometimes economize by pro-
viding the service to a pair of neighboring subscribers. It is known from theo-
retical computer science that finding an efficient assignment of subscribers to
broadcasters can be done efficiently for 2 broadcasters, and cannot be done for
3 or more (Gridchyn and Kolmogorov (2013)). This paper’s approach shows that
competitive equilibria are also guaranteed if and only if there are 2 broadcasters.

To further illustrate the approach, I additionally assume that buyers are al-
lowed to bid, at a minimum, on each individual good (and possibly also on bun-
dles). In auction terms, this is equivalent to requiring that singleton bids are ad-
missible. Under this assumption, the classes of valuations that guarantee equi-
librium existence are easily characterized: equilibrium exists for all valuations in
the class if and only if they are supermodular. This has a stark negative implica-
tion for market design: if additively separable utility functions cannot reasonably
be ruled out, then robust equilibrium existence can be guaranteed only in the
narrow case of supermodular valuations. For any other class of valuations, there
exists a profile of buyer preferences for which no competitive equilibrium exists.

Finally, from the connection to linear programming, I derive a generic, auction-
like iterative procedure that converges to a competitive equilibrium when-
ever one exists. As in ascending-price mechanisms (Parkes (2005), Mishra and
Parkes (2007), Blumrosen and Nisan (2010)), the procedure is driven by ‘demand
queries’: at each step, buyers and sellers report their payoff-maximizing choices
at current prices, and prices are then updated. Under truthful reporting, this
eliminates the need for the designer to know agents’ complete preferences in

order to compute the equilibrium outcome.
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The proof of the main equivalence combines two existing ideas: the finite-
valued VCSP dichotomy of Thapper and Zivny (2016), which characterizes when
the basic linear programming relaxation solves a valued constraint language,
and the linear-programming duality argument behind equilibrium existence in
package-assignment environments, as in Bikhchandani et al. (2001). The con-
tribution is the identification of a market equilibrium object for which these
two results become exactly equivalent. This turns complexity classifications into
equilibrium-existence and non-existence results for whole classes of markets, in-
cluding non-private-good environments. Further results extend the connection
to allow for more flexibility in buyer and seller utilities than direct transfer of the
theorems would imply.

Throughout, agents have quasilinear preferences in a numeraire and face no
binding budget constraints, as in Kelso Jr and Crawford (1982) and treatments
of Walrasian equilibrium in market design. In particular, every agent is assumed
to have enough money to afford any bundle that arises in equilibrium, so that
prices serve purely as transfers rather than feasibility constraints. The setup in-
cludes standard anonymous item prices as a special case in private-goods as-
signment environments, but it also includes Lindahl-style personalized prices,
which are natural in public-good and externality environments. The model is
also conceptually similar to a version of the Arrow—Debreu model of general equi-
librium, known as the generalized Nash equilibrium problem (GNEP) (Facchinei
and Kanzow (2010)), but with key differences: the discrete nature of choices and
the inclusion of a numeraire good.

Existing work already uses linear programming to test equilibrium existence
at the level of a specific auction instance. In the package assignment model of
Bikhchandani and Ostroy (2002), the designer can check ex post whether there
exist competitive prices that support the submitted bids. The present paper is
concerned instead with imposing ex ante restrictions on the allowable bids or
valuations that guarantee robust equilibrium existence at the level of a whole
class of markets. The difference is illustrated by Baldwin and Klemperer (2019),
who identify unimodularity as a structural condition that guarantees class-level

equilibrium existence, and relate it to a different instance-level condition, the
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Algebraic Markets 5

Intersection Count Theorem. A different route is taken here, which frames the
search for efficient allocations in terms of computational complexity and pro-
poses a complexity-theoretic criterion for when equilibria are guaranteed to ex-
ist. It is also worth noting that neither framework nests the other. Baldwin and
Klemperer (2019) develop a theory for private-goods environments with bundle
demand and structural restrictions on demand types. By contrast, the present
paper generalizes to allocation problems that need not be private-goods markets,
but does not allow for structural restrictions. This permits a Lindahl-style inter-
pretation of equilibrium prices in collective-choice environments with quasilin-
ear utility, such as Delacrétaz et al. (2025). It also accommodates algorithmically
nontrivial structured non-private-good environments, such as the technological-
dependencies setting in Example 3, which, to the best of our knowledge, has not
previously been studied from the viewpoint of equilibrium existence or compu-
tation. At the same time, it excludes known classes with robust equilibrium ex-
istence such as OR-0f-XORs-of-singletons (Lehmann et al. (2006)) precisely be-
cause structural restrictions would be necessary. Proposition 2 confirms this as a
general negative result: without structurally restricting utility functions, the pos-
sibilities for robust equilibrium existence are extremely narrow.

A closely related work by Roughgarden and Talgam-Cohen (2015) identifies
a necessary complexity-theoretic condition for robust equilibrium existence, in
terms of a separation between the difficulty of consumers’ optimization prob-
lems and that of market-wide optimization. The results here can be viewed as a
converse: by imposing more structure on the market classes, I show that some
market in any intractable class must fail to admit a competitive equilibrium.

There are also several tractable cases in which equilibrium existence is known,
including nonlinear and non-anonymous pricing (Bikhchandani and Ostroy
(2002)), graphical pricing (Brandenburg et al. (2023)), gross substitutes (Gul
and Stacchetti (1999)), unit bids (Lehmann et al. (2006)), geometric structures
(Rothkopf et al. (1998), Candogan et al. (2015)), and certain tractable bidding lan-
guages (Nisan (2000), Nisan and Segal (2006)). These conditions are typically suf-
ficient but not necessary. The present characterization results suggest that such

examples are a part of a broader complexity-theoretic picture.
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The remainder of the paper is organized as follows. Section 2 introduces the
abstract market framework for allocating discrete goods and defines classes of
markets. Section 3 states the main theorem, sketches the idea of the proof, and
illustrates its implications through examples. Section 4 refines the results for the
particular case of conservative markets. Sections 5 and 6 develop applications:
the former shows how the main algebraic assumption can be relaxed when buy-
ers agree on the structure of the market, and the latter offers an iterative price-
adjustment procedure that arrives at a market equilibrium. Section 7 discusses
the possibility of allowing for infeasible allocations and limitations of the frame-
work. The concluding section discusses possible further relaxations of the alge-

braic assumption. All proofs are collected in the Appendix.

2. DEFINITIONS
2.1 Markets

Let Y be a finite set of tradable goods and let B be a finite set of buyers. Let D be
a finite set, called the domain. An allocation is a function w : Y — D, and the set
of all allocations is

Q={w:Y — D}.

The abstraction of the domain D allows a unified treatment of several environ-
ments. If D = B, then an allocation assigns each good to a buyer. If D = {0,1},
then an allocation selects which goods are provided as public goods (those
mapped to 1).

Each buyer b € B has a rational-valued utility function over allocations, Uy :
2 — Q. Each good y € Y has an associated seller whose utility depends only on
the chosen domain value for that good, V,, : D — Q, which captures (in particular)
production costs.

Define utilitarian welfare in the usual way as

W(w)=> Upw)+ > Vy(w)).

beB yey
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Algebraic Markets 7

These primitives already define the welfare-maximization problem max,cq W (w)
without the need for prices or equilibrium concepts, which will be introduced
later.

DEFINITION 1 (Market). A market is a tuple
M= (B,Y, D, (Ub>b637 (Vy)er>7

where B is a finite set of buyers, Y is a finite set of goods, D is a finite domain,
Q={w:Y = D}, eachU,: Q2 — Q,and each V,,: D — Q.

Together with the objective max, o W (w), a market induces an unconstrained
optimization problem. To discuss its complexity, one will need to define how the
functions U, and V,, are represented, which is postponed until the next section.

Definition 1 extends the standard Walrasian equilibrium by allowing buyers to
pay to assign individual goods to elements in the domain D. Prices are allowed to
depend on the buyer as well as on the chosen domain value for each good. The
revenue goes to the sellers of the respective goods.

A price systemis a function p: Y x D x B — Q. The value p(y, d,b) is interpreted
as the transfer from buyer b to the seller of good y if good y is assigned value d € D.
This could be the payment for selling a private good to buyer b (if D = B) or for
providing a public good (if D = {0, 1}).

Buyers have quasilinear payoffs and face no binding budget constraints. Given

rices p, buyer b’s demand correspondence is
p

Dy(p) = arg max | Up(w) - > p(y,w(y),b)
we yey

Similarly, the seller of good y chooses a domain value d € D to maximize quasi-
linear payoff, yielding the supply correspondence

Sy(p) = argmax (Vy(d) + Zp(y, d, b)) :

deD beB

The maximized value for the seller is the sum of all transfers from buyers to the
seller and the utility function of the seller, which captures the costs of production.
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8

If D = B, then the seller chooses the buyer that would pay the highest price for
y. If D ={0,1}, then the problem instead becomes the decision to provide the
public good or not.

DEFINITION 2. A market equilibrium for a market M = (B,Y, D, (Up)veB, (Vy)yey)
is a pair (w,p) withw e Qandp:Y x D x B — Q such that:

(i) Buyer optimality: For every b € B, w € Dy(p).

(ii) Seller optimality: For everyy € Y, w(y) € Sy(p).

The two equilibrium conditions say that at prices p, no buyer wants to switch to
a different allocation and no seller wants to change the chosen allocation of their
good.

The definition warrants some discussion. First, the price system is less per-
missive than it may seem from the triplet of inputs. Although prices are allowed
to depend on both buyers and goods, the price of a good does not depend on a
bundle chosen by the buyer, or on the assignment of other goods. In this sense
the price system is linear in the allocation coordinates. The price system is, how-
ever, generally non-anonymous: different buyers may face different transfers for
the same pair y,d. For private-goods environments, where D = B, anonymous
Walrasian item prices are obtained as the special case. Since the sellers are max-
imizing their payoff by choosing an element d € D, only the highest price among
all such d will constitute a transfer. The lower ‘prices’ for other buyers are then
the counterfactual transfers, i.e. unsuccessful bids or their willingness to pay;,
which will not be paid in equilibrium. The equilibrium conditions can be equiv-
alently interpreted as an auction with a single seller or an exchange with many
independent sellers, because every seller’s payoff is independent of the choices
of the other sellers. In addition to Walrasian anonymous prices, the setup also
includes non-anonymous pricing of public goods.

Prices are only defined up to additive constants that do not affect optimal
choices. In particular, fixing any b € B and y € Y, adding the same constant to
all values {p(y,d,b)}4cp shifts payoffs but does not change the solutions to the

buyers’ and sellers’ arg max problems.
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Algebraic Markets 9

REMARK 1 (Additive normalization). If (w,p) is a market equilibrium and ¥’ € B,
y' €Y, ceQ,define p’ by

Py, d,0)=p(y,d,V)+c forallde D, p'(y,d,b) =p(y,d,b) otherwise.
Then (w,p’) is also a market equilibrium.

Therefore, prices remain agnostic about the endowments of players. It is
always possible to pick for every b € B and allocation w® prices p/, such that
P (y,d,b) = p(y,d,b) — p(y,w(y),b). Facing prices p’, buyer b always has an op-
tion to demand w® for zero price. In classical terms, this allocation is the endow-
ment, and this property is the standard requirement of individual rationality: a
choice where no money changes hands is always available to every buyer and
every seller.

2.2 Classes of markets

In practice, the exact utility functions of the buyers are likely to be unknown. In-
stead, it may be accepted that they belong to a certain class, and the goal is to
ensure that the market equilibrium robustly exists for all possible markets in that
class. For example, an organizer of an auction may know that buyers view certain
goods as substitutes, but does not know ex ante the identity of substitute goods
nor the exact utility functions of the consumers, including the magnitude of the
substitution effect. To model such classes of preferences, I use market classes,
which are defined below. First, I define scopes and subutility functions to sepa-
rate the structural restrictions on preferences from the specific goods involved.
A scope x is an ordered tuple of goods = = (z(1),z(2),...,z(k)), where each
x; € Y. To save on notation, I will sometimes write x equivalently as an injec-
tive mapping z : {1,2,...,k} — Y, and thus z(r) for the r-th element of z. In this
case y € x always means y € Im(z). In particular, with some further abuse of
notation, let w(x) denote componentwise composition of w and z, i.e. the vector
(w(x(i)))1<i<k- Practically, this is a restriction of allocation w to the goods in x. Let
D” be the set of all such mappings for a fixed scope =, D* = {d: x — D}. A scope
is a generalization of a package in auction theory: whereas a package is typically
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(a) Market instance (b) Different scopes (c) Different subutility

FIGURE 1. Scopes and subutility functions.

an unordered set of goods, a scope is ordered to map precisely to the arguments
of the subutility function.

A subutility function specifies a utility level for different partial allocations of
goods in a given scope. Let F;, denote the set of all functions f : D¥ — Q for some
finite £ > 1, and let 7 = |J,, F. For any function f € F, k is the arity of f, which
is written ar(f) = k.

A component is a pair (z, f), where z is a scope and f € F, is a subutility func-
tion with arity £ equal to the length of x. Components encode nonlinear rela-
tionships in the buyers’ utility functions while maintaining additive separabil-
ity across components. The scope and the subutility in each component sep-
arate the structure from the functional form. The subutility function f defines
the functional form of the relationship (e.g., complementarity), while the scope
x specifies which particular goods are subject to this relationship.

To illustrate the concepts of scopes and subutility functions, let D = B and con-
sider a market with five goods Y = {y1, ..., y5} shown in Figure 1a. Three pairs of
goods are complements: if both goods in such a pair are assigned to the same
buyer, that buyer’s utility increases by 1. This relationship is illustrated by the
weighted edges and is captured by the subutility function ¢! € F, defined by

1 if al] = ay,
O'1<a1, ag) =
0 otherwise.

The value is positive only when the two goods are assigned the same domain
value (interpreted as both goods being allocated to the same buyer). However,
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Algebraic Markets 11

the arguments a; and a2 may correspond to any pair of goods in Y. Thus, a mar-
ket in Market({o'}) might include a component ((yi,y4),0'), or ((y2,y3),0"), or
both as in Figure 1a. Figure 1b shows a different market: the subutility function
is the same, but it is applied to different scopes. Finally, Figure 1c shows the con-
verse: the scopes are the same as in 1a, but the subutility differs (substitutability
rather than complementarity), so o' no longer represents the interaction.

Each finite subset &/ C F defines a market class, denoted Market (/).

DEFINITION 3 (Market class). Market (B,Y, D, (Up)ien, (Vy)yey) belongs to the
market class Market (i) if
(i) Vy el foranyyecY and
(ii) for every b € B, there exists a finite set of components {(zy, fy+) }+e7, such
that f,, € U forall ¢, and

Up(w) =Y frp(wlapy)) forallwe .

teTy

Since the class restricts only the permissible subutility functions and not the
scopes, it describes possible types of relationships between goods without man-
dating which specific goods enter these relationships or restricting the total num-
ber of goods.

Any market in a class Market({/) induces a corresponding unconstrained op-
timization problem of maximizing utilitarian welfare, where individual utility

functions of buyers are expressed through function—package tuples:

DEFINITION 4 (Optimization problem). The optimization problem for a market
in Market (/) is to find an allocation w € §2 that maximizes the objective function
W :Q — Q defined by:

W(w) = Upw)+ > Vylww) =D D foalwlan) + Y Vylw(y):

beB yeY beBteTy yeY

The solution of this problem is an optimal allocation. Polynomial-time com-
putability can now be defined for the whole market class: Market(!/) is said to
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12

be tractable if for any finite 4’ C U there is an algorithm? that computes an opti-
mal allocation for any market in Market(Z{’) in time polynomial in the number of
goods |Y|.

A consequence of this algebraic setup is that the market class stores no infor-
mation on scopes. The set U/ defines only the shapes of allowable subutility func-
tions, but does not declare which goods they will be applied to. For example, the
class Market({c'}) guarantees only that buyers may have complementary pref-
erences over some pairs of goods. This property is formalized by the following

remark:

REMARK 2 (Algebraicity). Let M = (B,Y, D, (Up)eB, (Vy)yey) be a market in the
class Market (/). For any w € 2 and any b € B, let U; be such that U} (w) = Up(wy),
where wy(y) = w(pp(y)) for all y € Y and some permutation p, : Y — Y. Then M is
also in Market (/).

Algebraicity says that if a valuation structure is permissible for a certain set of
goods, it is permissible for any permutation of those goods. It is a restriction
on market classes, not on individual market instances. In a given instance, the
scopes may encode any pattern of relationships among named goods. For exam-
ple, one pair of goods may enter a complementary component, another pair may
enter a substitutable component, and a third pair may not enter any component
at all. What algebraicity rules out is not such instance-level heterogeneity, but
rather class-level restrictions on which scopes are admissible. Thus Market(U)
may contain markets with arbitrary complementarity graphs, but it cannot de-

fine a class by requiring that the complementarity graph be bipartite, planar, etc.

2The input of such an algorithm would have to include a representation of all functions in ¢4’. From
the perspective of asymptotic complexity, the specific representation does not matter. For example,

one could provide a complete table of values for every input to every function.
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Algebraic Markets 13

3. MAIN RESULT

The main result of this paper is an if-and-only-if connection between tractability

of welfare maximization and the existence of market equilibria.3

PROPOSITION 1. Every market in the class Market(U) has a market equilibrium if °

and only if every corresponding optimization problem can be solved in time poly-
nomial in the number of goods. In this case, every efficient allocation can be sup-
ported by a market equilibrium.

Proposition 1 suggests a practical test for equilibrium existence in a given mar-
ket. If the market can be formulated using only functions from a tractable class,
then a market equilibrium exists. This can often be checked using existing di-
chotomy results and Section 4 illustrates this approach.

The proof of Proposition 1 is constructive and yields slightly more than equi-
librium existence. Whenever the welfare-maximization problem for a market in
Market(l/) is solved by a linear program, the dual program directly provides sup-
porting equilibrium prices. Hence, in every tractable class covered by Proposi-
tion 1, one can compute not only an efficient allocation but also a competitive

equilibrium (w, p) in polynomial time.

COROLLARY 1. If a market M belongs to a tractable class Market(U), then M ad-
mits a market equilibrium.

The converse is not true. A tractable market instance may belong to both
tractable and intractable classes. For example, markets with completely sepa-
rable utility functions clearly admit market equilibria. However, the class of such
markets is a subset of larger, intractable classes—such as the conservative market
classes discussed in Section 4—which also contain markets that lack equilibria.
Thus, while membership in a tractable class guarantees existence, membership
in an intractable class does not preclude it.

3We make the standard assumption throughout that P # N P, otherwise the results are vacuous
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14
3.1 Proofidea and constraint satisfaction
The proof of Proposition 1 relies on the concept of a valued constraint satisfaction

problem (VCSP) and its properties.

DEFINITION 5. An instance of a finite-valued constraint satisfaction problem
(VCSP) is a triple (Y, D, f) where:

¢ Y is a finite set of variables,
¢ D isafinite set, called the domain,

» f is the objective function, mapping assignments of variables 2 = {w : Y —
D} to Q. Itis given by
fw)=> filw(x),
teT
with 7" standing for a finite set. Function f is given by a set of components
(x4, f1), consisting of a function f; € Fj,, and ascope x; = (41, ..., %, ), where
everyx;; €Y.

Since there is a clear correspondence between any market (B,Y, D, (U ), (Vy)yews)

and a VCSP instance of maximizing the total welfare of this market (Y, D, W (w) =
> ben Up(w) + -, ey Vy(w)), same notation is used for both. As before, w(z¢) de-
notes the restriction of assignment w to the variables in x;.

Such VCSPs are called finite-valued because the range of all constraint func-
tions f; is Q (finite values), rather than Q U {—occ}. In market context, this cor-
responds to the assumption that all allocations are feasible. A solution to an in-
stance of VCSP is an assignment w : Y — D that maximizes the objective function
e

VCSP classes are defined in terms of allowed constraint functions. A valued
constraint language I' C F is a set of functions, and VCSP(I") denotes the class

*In order to capture welfare maximization, the definition uses a more suggestive formulation as a
maximization problem rather than minimization that is standard in the constraint satisfaction liter-
ature.
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Algebraic Markets 15

of all VCSP instances in which every function f; belongs to I". Analogous to mar-
ket classes, the functions in I' do not encode information about which variables
they apply to, only instances of VCSP specify the scopes. For example, if ' = { f1 }
where f; € F», an instance with variables Y = {y1,y2,y3, y4} might contain con-
straints like f1(w(y1,92)), f1(w(y3,y4)), or f1(w(y2,y4)).

A valued constraint language T' is said to be tractable if for every finite subset
[ CT, any instance in VCSP(I”) can be solved in polynomial time. Otherwise,
it is intractable. A key tool for analyzing VCSP complexity is a specific algorithm
called the basic linear programming relaxation (BLP) of a VCSP instance. It is

defined as the following linear program:

max Y > fi(d) Mg,

teT deD"¢

St Y Ma=fyma VEET, deD, refl, .k},

deDt:
d(r)=d

Hy.d = 1 Vy ey, (1)
deD

Z /\t7d =1 vteT,
deD*t

0<Ap<l

The variables in this linear program can be interpreted as probability distribu-
tions. Namely, 1, 4 is the probability that variable y € Y is assigned value d € D,
and ) 4 is the probability that the variables in the scope z; of constraint ¢ are
assigned the tuple of values d € D**. The first set of constraints ensures that the
marginal probability of a variable y taking value d must match the probability im-
plied by )\; 4 for any constraint ¢ that involves y. Specifically, if variable y appears
at the r-th position in scope w; (i.e., z;(r) = y), the sum of )\, 4 over all tuples d

5Such constraints are called relational in VCSP literature. The counterpart, structural constraints
that restrict the scopes and compositions of functions, are an active field of study. Combinations
of the two types of constraints are called hybrid constraints Cooper and Zivny (2011). This paper

considers relational constraints only.
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where the 7-th component is d must equal ., 4. The remaining constraints en-
sure that . and \ define valid probability distributions.

If the variables were constrained to be integers (0 or 1), the solution would cor-
respond exactly to the maximum weight assignment. Without integrality con-
straints, the BLP provides an upper bound and an approximate solution.

The first step of the proof relies on the following dichotomy result of Thapper
and Zivny (2016) for finite-valued constraint languages.

THEOREM 1 (Thapper and Zivny 2016). Ler D be an arbitrary finite set and let T
be a finite-valued constraint language defined on D. Then VCSP(T") is tractable if
and only if the BLP solves VCSP(I"). Otherwise, VCSP(T") is NP-hard.

Theorem 1 connects the BLP to tractability of the optimization problem. The
second step that completes the proof is the fact that the BLP itself has a direct
connection to the existence of market equilibria, which can be characterized via
the dual linear program and complementary slackness. This is a similar argu-
ment to the one found in Bikhchandani and Mamer (1997), Bikhchandani et al.
(2001) and Bikhchandani and Ostroy (2002) for package auctions. Blumrosen and
Nisan (2007) interpret the two directions of this step as variants of the first and
second welfare theorems for indivisible goods. Indeed, under quasilinearity, if
a market equilibrium exists, then prices can be chosen to support any efficient
allocation in equilibrium. The complete proof is in the Appendix.

3.2 Illustrative examples

In the following examples, markets are illustrated using graphs G where vertices
represent goods Y and edges E(G) represent pairwise relationships (scopes of
size 2). The weights of the edges encode the utility gain from a specific assign-
ment of the pair.

First, consider an example with complementary goods called the cutlery auc-
tion (Brandenburg et al. (2023)).
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Algebraic Markets 17

EXAMPLE 1 (Cutlery auction). A market has 3 goods Y = {S, K, F'} (Spoon, Knife,
and Fork) and 3 buyers B = {Steak, Fruit, Spaghetti}. The domain is D = B (as-
signment of goods to buyers). The buyers have complementary preferences:

* Steak values only the pair (F, K') (Fork and Knife).
e Fruit values only the pair (K, S) (Knife and Spoon).
* Spaghetti values only the pair (S, F) (Spoon and Fork).

Each buyer derives a utility of 1 if they receive exactly their favorite pair (it is
assigned to them), and 0 otherwise. O

This market is illustrated in Figure 2. The vertices are goods, and edges rep-
resent the pairwise complementary scopes. There is a gain in total utility of 1
if both goods at the vertices are assigned to the buyer with the corresponding

favorite combination.

FIGURE 2. Cutlery auction

This type of preferences can be captured in the market classes framework by a
function that encodes complementarity. Let ¢©* € F, be defined as:

. C if al =ag = i,
¢C’Z(a1,a2): '
0 otherwise,

for Cc Q. and i € B. Let ¢ = {¢“ | C € Q4,i € B}. The market in Exam-
ple 1 belongs to Market(¢). Specifically, the Steak buyer has one component
((F, K), 53 "and similarly for the others.
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The class Market(¢) is the class of all markets where players derive value from
obtaining pairs of goods. Each such market is given by a graph G and compo-
nents ((x(1),z(2)), o) for every edge (2(1),z(2)) € E(G), buyer i and utility gain
C.

The specific instance in Example 1 and Figure 2 has one component ((x), ¢'?)
for every buyer, where z;, is the corresponding edge. This market has no market
equilibrium. Any efficient allocation must assign exactly one pair to the corre-
sponding buyer (total utility 1). However, the BLP relaxation for this instance
admits a fractional solution with objective value 1.5 (by setting 1, ; = 0.5 for the
relevant goods and buyers). Since the BLP overestimates the optimal integer
value, the problem is not solved by the BLP. By Theorem 1, the class VCSP(¢)
is intractable. By Proposition 1, this implies that markets in Market(¢) do not
robustly possess equilibria.

The failure of equilibrium existence can be seen directly via the dual linear pro-
gram. Let p(y,d,b) denote the price buyer b pays if good y is assigned to d (here
D = B, so d is a buyer) as in the definition of the price system. Let u; denote the
payoff variable for buyer b’s component (dual to the primal constraint >\ = 1),
and v, denote the seller’s payoff (dual to ) =1).

The dual constraints corresponding to the primal variables are:

min Zub+Zvy

beB yey

s.t. foralld e D,
v > p(K,d, Steak) + p(K, d, Fruit),
vg > p(S,d, Spaghetti) + p(S, d, Fruit),
vp > p(F,d, Steak) + p(F,d, Spaghetti),

and forall d;,ds € D,

Ustear + P(K, d1, Steak) + p(F, dy, Steak) > ¢15 % (dy dy),
Uit + (K, dy, Pruit) + p(S, dg, Fruit) > ¢V it (dy dy),

USpaghetti + P(S, d1, Spaghetti) 4+ p(F, da, Spaghetti) > Qﬁl’Spaghmi(dl, ds).
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Algebraic Markets 19

The complementary slackness conditions imply:
() For every good y € Y and domain value d € D, if y, 4 > 0, then the seller’s
payoff must equal the sum of transfers:

Uy = Z p(y,d,b).
beB:yexy
(Here, the inner sum is over all buyers b whose only component’s scope z;
contains good ).
(i) For every buyer b € B, component ¢, and local assignment d € D, if A g4 >
0, then the buyer’s component payoff must equal the valuation minus trans-
fers:

Ky
Up = ¢17b<d) - Zp(zb(r)v d(T)v b)
r=1

(Here, xy(r) is the r-th good in scope x;, and d(r) is the r-th value in assign-
ment d).

The dual program together with the complementary slackness encodes the
market equilibrium conditions in Definition 2. The gap between the BLP value
(1.5) and the integer optimum (1) proves that no prices can support the efficient
allocation and correspond to a well-defined allocation (an integer solution) for
the primal at the same time. This connection between the dual and the mar-
ket equilibrium is what gives rise to Proposition 1. It allows one to say that the
market equilibrium is not guaranteed to exist without looking for the counterex-
ample or analyzing the linear programs. Since Market(¢) includes the ‘Multiway
Cut’® problem, which is known to be NP-hard, Proposition 1 already says that
market equilibrium will not exist for some markets in Market(¢).

The second example illustrates substitutable and complementary public goods.

EXAMPLE 2 (Public goods with externalities). Consider the problem of allocating

a subset of public goods Y. The domain is D = {0,1}, where 1 means the good

®As they are not directly relevant, I omit the definitions of the standard optimization problems such
as ‘Minimum Cut, ‘Multiway Cut’, etc. Their exact statements can be found in complexity theory
textbooks or in the VCSP literature (Kolmogorov et al. (2015)).
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is provided. Buyers derive utility (or disutility) from individual goods and from
pairs of goods (externalities). O

Pairwise interactions are once again represented by an undirected graph G =
(Y, E). Foreach edge (z(1),z(2)) € E, include a component with scope (x(1), z(2))
and a subutility function 7 € F, defined as:

C ifag=as=1,
n%(a1,a2) =
0 otherwise,

for some C € Q. Let ny = {n® | C > 0} (positive externalities) and n_ = {n® | C' <
0} (negative externalities).

Individual good values are captured by unary functions »“"! € Fi:

C ifa=1,
R S

0 otherwise.

Let v = {91 | C € Q}, ¢y = {¥&1 | C >0}, and ¢_ = {¢©! | C < 0}. Sellers have
costs for providing goods. If the cost of providing good y is Cy, the seller’s payoff
is V(1) = —C, or V,,(0) = 0. All such payoffs are captured by ¢ _.

Negative Externalities. 1f the market contains negative externalities (Market(r_, w)§

equilibria may not exist. The class Market(7_, ) includes the problem of finding
a maximum independent set, the largest set of vertices that are not connected to
each other, which is NP-hard. By Proposition 1, there exist markets in this class

with no equilibrium.

Positive Externalities. 1f the market contains only positive externalities (Market(n;24)),

then the corresponding optimization problem is a supermodular Quadratic
Pseudo-Boolean Optimization (QPBO) problem. Minimizing a quadratic sub-
modular function is equivalent to finding a minimum cut in a graph, which is
solvable in polynomial time (Ivanescu (1965), Zivny (2009)). Therefore, by Propo-
sition 1, every market with only positive pairwise externalities admits a market

equilibrium. The equilibrium in this market is similar to Lindahl equilibrium,
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Algebraic Markets 21

where public goods are financed through personalized prices. An example of
such a problem is joint financing of a technology with network effects, for ex-
ample electric car chargers. Installation of individual chargers is costly, but may
have positive local and network effects.

EXAMPLE 3 (Graphical complements). Consider again the allocation of public
goods Y. Each good has an associated cost and provides some separable util-
ity. Additionally, there are prerequisite constraints: some goods require others to
be provided. These prerequisites are represented by a directed graph G = (Y, F),
representing a technology tree, where an edge (z(1),z(2)) implies that z(1) € Y is
a prerequisite for z(2) € Y. Failure to provide the prerequisite x(1) while provid-

ing x(2) incurs a penalty (or is impossible). O

This problem is modeled using the unary functions ¢ (defined in Example 2)
for the separable part, plus an additional set of functions capturing the prereq-
uisite penalties. For each edge (x(1),z(2)) € E, include a component with scope
(z(1),z(2)) and a penalty function (~¢ € F, defined as:

C_C(QLCLZ) _ -C ifa1 =0and ag = 1,
0 otherwise,

for some penalty C € Q. Let (_ = {¢(~¢ | C € Q). If C is sufficiently large, this

effectively enforces the logical implication z(2) =1 = z(1) = 1.

The optimization problem for the class Market({_,v) corresponds to the Max-
imum Weight Closure problem (or equivalently, Minimum Cut with terminals).
This problem is solvable in polynomial time by reduction to a maximum flow
problem (Picard (1976)). Therefore, by Proposition 1, every market with graphi-

cal prerequisites admits a market equilibrium.

4. CONSERVATIVE MARKETS

In many market design settings, it is natural to assume that while interactions
between goods (substitutability, complementarity) may follow a specific struc-
ture, the valuations for individual goods can be arbitrary. For example, a designer
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might know that goods are pairwise complements, but the specific base values of
the goods vary across buyers and instances. Such classes of problems are conser-
vative market classes.

DEFINITION 6 (Conservative market class). A market class Market (/) is conserva-
tive if U contains all unary functions, i.e., 71 CU.

Similarly, a language I' is called conservative if it contains all unary functions
Fi.

For conservative classes, the boundary between existence and non-existence
of equilibria is sharply characterized by supermodularity. A function f : D¥ — Q
is supermodular on a lattice £ = (D, <) iffor all d;,d; € D*:

f(d1Vda)+ f(d1 Adg) > f(d1) + f(d2),

where v and A denote the coordinate-wise join (max) and meet (min) under the
ordering <. A market class is supermodular if there exists a total ordering on
the domain D such that every function in ¢/ is supermodular with respect to that
ordering.

Maximization of supermodular (minimization of submodular) functions is
known to be tractable (Iwata et al. (2001)). The following theorem (Theorem 3.6
in Kolmogorov and Zivny (2013)) states that for conservative finite-valued lan-
guages, these are the only tractable functions:

THEOREM 2 (Kolmogorov and Zivny (2013)). If a conservative finite-valued lan-
guage is supermodular on some chain, then it is tractable. Otherwise it is NP-hard.

Combining Proposition 1 with Theorem 2 gives the following characterization

for conservative markets.

PROPOSITION 2. Let Market(U) be a conservative market class (i.e., 71 CU). Then
every market in Market(U) admits a market equilibrium if and only if there exists
a total ordering on D such that every function in U is supermodular with respect
to this ordering.
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Algebraic Markets 23

Proposition 2 is a strong negative statement. Excluding arbitrary unary terms
is usually difficult: buyers may differ substantially in their standalone values
for individual goods. Thus, conservativeness leaves very little room for positive
equilibrium-existence results beyond additivity.

5. EXTENSION: STRUCTURAL MARKETS

The previous section established that the algebraicity assumption (Remark 2) of-
ten leads to non-existence results: while conservativeness seems like an innocu-
ous assumption, it already leads to a very restrictive supermodularity require-
ment in Proposition 2. However, in many applications, the structure of utility is
restricted: for instance, all buyers may agree on which goods are complements.
To capture this, the following definition relaxes the requirement that each buyer’s
component must strictly belong to the class ¢/, and instead requires that the ag-
gregate valuation functions belong to U/, subject to additional restrictions in a
private-goods setting.

DEFINITION 7 (Aligned private-goods market class). Let D = B. A market
M = (B.,Y, D, (Up)en, (Vy)yey) belongs to the aligned private-goods market class
Market® (f) if
(i) VyeUforeveryyeY;
(ii) there exist aggregate components {(z, F;)};er, where F, € U, and x; =
(z¢(1),...,2¢(ks)), sets T, C T and functions f,; : D¥ — Q for b € B, t € Ty,
such that:

(a) Decomposition. For every buyer b € B and every allocation w € ),

Up(w) =Y forlw(zr));

teTy

(b) Aggregation. For every component ¢ € T and every d € D",

Fi(d) = foi(d);

beB:
teTy
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(c) Private goods. For every buyer b € B, every component ¢t € Ty, and ev-
ery local assignment d € DFt,
Cyye, ifd=(b,...,0),
for(d) = ’ for some Cj, ¢ > 0.
0, otherwise,

Condition (a) mirrors the one in the definition of a market. Condition (b) al-
lows functions in the components to correspond to sums of utilities of several
buyers. Condition (c) ensures that while the aggregate function F; defines the po-
tential welfare of several buyers, the buyers themselves only care about whether
they get the goods in the scope or not.

DEFINITION 8 (Optimization problem for an aligned market class). The opti-
mization problem for a market in Market® (/) is to find an allocation w € ) that

maximizes the objective function W : 2 — Q defined by:

W(w) =D Up(w) + D Vy(w®) = Y Fi(wlz) + Y Vy(w()).
beB yey teT yey

Therefore complexity, and ultimately existence of equilibria, is determined by
welfare maximization in terms of the aggregate functions F;. Similarly to market
classes, a structural market class Market® (1) is said to be tractable if for any finite
U' C U there is an algorithm that computes an optimal allocation for any market
in Market*® (1) in time polynomial in the number of goods |Y|.

Aligned market classes prove to have the same existence condition as regular
market classes, which is linked to computational tractability in the same way as
in Proposition 1.

PROPOSITION 3. Every market in the structural market class Market™ () admits a
market equilibrium if and only if the corresponding optimization problem can be
solved in time polynomial in the number of goods.

5.1 Example: Complements for all buyers

Example 1 featured extreme heterogeneity of preferences: what some considered
complements, others considered worthless. Example 4 below shows that even
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Algebraic Markets 25

if buyers agree on the complementarity structure, equilibrium existence is not
guaranteed. However, it always exists for such a market with only two buyers.

EXAMPLE 4 (Broadcasters and Subscribers). Consider a market where | B| buyers
(Broadcasters) compete to serve |Y'| sellers (Subscribers). The subscribers are
arranged on a graph G = (Y, F'). Broadcasters have costs to serve each subscriber,
but can economize if they serve adjacent subscribers (nodes connected by an
edge). Specifically, if a broadcaster b serves both z(1) and z(2) where (z(1),z(2)) €
E, they gain a cost reduction of C' > 0. O

This fits the structural class framework. The domain is once again D = B. First,
define a unary function ¢/ € Fj as:

‘ C ifd=i,
p&i(d) =

0 otherwise.

Let ¥ g = {y%7| C € Q_,i € B} denote the set of negative cost functions (broad-
casters’ costs to provide service to individual consumers).

For each edge (z(1),z(2)) € E, define a component with scope (z(1),z(2)) and
aggregate function ¢ € F, defined as:

C ifa; =as,
O’C(al, ag) = )
0 otherwise.

Broadcasters’ utilities are composed by functions f;; for every b € B and edge
t=(z(1),z(2)) € E:

C ifay=as=0,

foilar,az) = '

0 otherwise.
This satisfies Aggregation (3", f,; = o) and Exclusivity (only b gets the value if
the condition holds).

The classical problem of finding a minimum cut in a graph is a special case of

this problem. This class of problems is known in theoretical computer science
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as ‘Potts model with external field’ (Gridchyn and Kolmogorov (2013)), originally

used in statistical mechanics to explain ferromagnetism.

e If |B| = 2, the problem is the ‘Ising Model’ (equivalent to Minimum Cut),
which is tractable. By Proposition 3, a market equilibrium always exists.

e If |B| > 3, the problem encodes the ‘Multiway Cut’ problem, which is NP-
hard. Thus, by Proposition 3, there exist markets in this class (with |B| > 3)

that possess no market equilibrium.

Figure 3 illustrates one market for |B| = 3 without an equilibrium. All weights
are either 1 (if not marked) or 4 (if marked). Further, the three vertices labelled
y1,Yy2,ys are particularly desired, respectively, by players 1,2 and 3 for a util-
ity of 1. The other goods only create value in combination with other goods.
The overall problem consists of (y;,"?) for i € {1,2,3} and ((z(1),2(2)),0') or
((2(1),2(2)),0*) for every (x(1),z(2)) € E(G).”

FIGURE 3. A market with complementary preferences and without a market equilibrium

"The example is based on Papadimitriou et al. (2008), specifically it is the modified Graph C with
an additional edge.
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It is trivial, if tedious, to check that in this example the linear program and the
integer program solutions also do not coincide. However, there is also a struc-
tural reason for this difference between |B| =2 and |B| > 2. The functions in the
model with |B| = 2 are supermodular, while for |B| > 2 they are not. Section 4
showed that when ¢ is present among the subutility functions, supermodularity
is the exact condition for tractability and, by means of Proposition 1, existence of
equilibria.

Preferences over broadcasters. One might ask if the complexity changes for sub-
scribers who have heterogeneous preferences over broadcasters. Let . be the
constant unary function +(d) = C. A positive valuation “ with C' > 0 can be

expressed as a combination of negative costs and a constant:

D) = Y T () + u(d).

jeB\{i}
Intuitively, giving buyer i a bonus of C' is equivalent to penalizing everyone else
by C. By the algebraic properties of VCSPs (Theorem 3 in the Appendix), the
class Market® (c U{y% | C € Q,i € B}) = Marketal(auww‘ U{y%i | C eQy,i€ B})
has the same complexity as Market® (o U ¥p|)- Unary functions from (W& C e

Q4,1 € B} capture (positive) utility that consumers obtain from particular broad-
casters. Thus, allowing heterogeneous subscriber preferences does not affect
equilibrium existence. Note also that since prices can be negative, it is always
possible to obtain a new equilibrium by adding or subtracting a constant from all
prices (Remark 1). Then one can obtain an equilibrium in which subscribers pay
the broadcasters instead of vice versa.

6. ITERATIVE EXCHANGE

A natural economic mechanism can be used to turn the search for a market equi-
librium into an iterative procedure similar to an ascending auction. To describe
this procedure, I define an auxiliary linear program called the Restricted Primal
Program (RPP). I will assume that each buyer’s U, is represented by exactly one
component (xy, fp) with k, = |z3| = ar(f;). This assumption does not change the
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complexity of the problem.? Let D,(p) be the demand set of buyer b in terms
of allocations of goods relevant to b, i.e. x;, instead of the whole allocation w.
Formally, D, (p) = {d : x;, = D,w(x;) = d for some w € D;}. The RPP is then:

Ky
min Z Sy + Z Sp + Z Z Zsb,r,ab

yeY beB beBdeD r=1

S.t. Z Abd + Sbrd = oy nd Vbe B, re{l,....ky}, de D,

deDy(p),
d

d(r)= @)
Z Py, d + Sy =1 Vyey,
deSy(p)

> Nats= Vb € B,

>\7 ,LL, Sy7 Sb; Sb,?”,d 2 0

Here, sy, sp, 51 .4 are slack variables. The RPP is parametrized by sets Dy and Sy.
The set D, represents the demand set of buyer b — the set of allocations that
maximizes the payoff of b, or equivalently the set of constraints of the dual corre-
sponding to the optimization by b that bind. Similarly, the set S, is the supply set
of seller y. A demand set Dj, is said to be satisfied if Agy,ax = 1 for some d € Dy. A
supply set S, is satisfied if s, 4 = 1 for some d € S,. The RPP represents a search
for a feasible solution to LP (1), while satisfying the implications of complemen-
tary slackness. If the minimum objective value is 0, the solution is also a solution
to the BLP (and thus an equilibrium if it is integer).

The dual of the RPP (2), called the Restricted Dual Program (RDP), searches

for a direction of price adjustment that improves the solution to the BLP. The

8This auxiliary result is formally stated as Theorem 3 in the Appendix.
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variables Ap, Av, Au correspond to changes in prices and payoffs:

max AW = Z Avy + Z Auy,

yey beB
s.t. Avy, < > Ap(y,d,b) VycY,deS,(p),
beB:
YyeTy
ky . (3)
Auy <= " Ap(ay(r),d(r),b) Vb € B,d € Dy(p),
r=1

Avy, Auy, Ap < 1.

The RDP identifies a direction Ap that decreases the dual objective function
of the BLP. The constraints of the RDP ensure that prices change in the direc-
tion where the slack of the constraints permits. For separable preferences, this
reduces to the standard logic of ascending auctions: prices increase for over-
demanded goods, where constraints are tight. Then the increase in price would
improve v, for each seller, but decrease u;, for all buyers who demand it, making
the overall effect on the objective negative.

The iterative procedure is summarized in Algorithm 1. Importantly, it relies
only on demand/supply queries: agents report their optimal sets 151,775(]9) and
Sy(p), without having to report full utility functions. The algorithm can be seen
as a primal-dual algorithm for solving the BLP for the market. This connection
yields the following convergence result.

PROPOSITION 4. The iterative procedure in Algorithm 1 terminates with a market

equilibrium if one exists.

The primal-dual connection also suggests a natural upper bound on the num-
ber of iterations. In a standard primal-dual algorithm, one chooses the maximal
step size that preserves dual feasibility, so that each iteration makes at least one
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Algorithm 1: Iterative Exchange Procedure

Input: Market M, initial prices p =0, step size ¢ > 0.
1 while true do
// Step 1: Demand/Supply Queries
2 For each buyer b, collect Dy (p).
3 For each seller y, collect Sy(p).
// Step 2: Solve Restricted Dual
4 Solve RDP with current sets to find direction Ap and optimal value
AW™,
5 if AW* <0 (No descent direction) then
// Step 3: Check Primal Feasibility

6 Solve RPP.
7 if objective is 0 and solution is integer then
8 Find allocation w supported by RPP solution.
9 return Equilibrium (w, p).
10 else
11 return "No market equilibrium exists."
12 else

// Step 4: Update Prices

13 p+p—e-Ap.
// (Optional) Normalize prices for all yeVY, beB,
and de D:
14 p(y,d,b) < p(y,d,b) +€-c(y,b) forsomec:Y x B— Q.

previously slack dual constraint tight. Since the dual contains |Y'||D] seller con-
straints and ), 5 | D|* buyer constraints, this gives an upper bound of

YIID[+ ) |DI*
beB
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productive iterations. Algorithm 1 does not, however, have access to enough in-
formation to implement this step-size rule, because buyers report only demand
sets and not their utility values on all bundles. Accordingly, the bound above ap-
plies to “productive” iterations—those in which the reported sets change—rather
than to the total number of auction rounds. The total number of rounds may
be larger, depending on how accurately the designer selects e: it must be small
enough to preserve feasibility, but large enough to induce a change in the re-
ported sets.

By Remark 1, the optional renormalization step in the algorithm (Step 4) can
be used to constrain the price path. For instance, one can ensure that the price
of a specific ‘endowment’ allocation remains zero, or that prices remain non-
negative, by shifting all prices by a uniform constant c, ; at each step. This does
not affect the incentives or the direction of the subgradient Ap, but allows the
procedure to mimic specific auction formats (e.g., ascending prices) or choose

the direction of transfers as in Example 4.

7. DISCUSSION
7.1 Infinite VCSP

This paper explicitly considers only finite-valued VCSP, which corresponds to an
economic assumption of all allocations being feasible. This leaves many prob-
lems out of scope, for example capacity constraints. A similar analysis can be
done for the infinite-valued VCSP dichotomy, but the equivalence between equi-
librium existence and tractability breaks in a subtle way: the intractability may
hide in the problem of finding a feasible allocation, not in solving for an efficient
one. In finite-valued VCSP, producing a feasible allocation is trivial. Perhaps
surprisingly, the general-valued algorithm is simply the ‘feasibility preprocess-
ing followed by BLP’. Thus results here should apply with minimal adjustment to
infinite-valued classes where the feasibility problem is known to be tractable.
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7.2 OXS and unit-demand

Some positive equilibrium-existence results rely on structural restrictions that
are not encoded by Market(U). Consider two standard examples: unit-demand
and OR-of-XORs-of-singletons (OXS), both known to guarantee robust equilib-
rium existence (Lehmann et al. (2006)).

Let Sp(w) ={y € Y : w(y) = b} be the set of goods allocated to buyer b. A unit-
demand utility function is a function U}, of the form Uy(w) = max ¢, g, (.) Cy for
some set of goods z;, C Y and some constants C, € Q for each y € Y. Buyer b
with such U, only extracts utility from a single most-valued good allocated to b. It
would seem natural to incorporate this into the algebraic framework by defining
amarket class with (z;, f;) for every buyer, where f, = max,¢;,s, (., Cy- And while
all unit-demand markets would be part of this class, by Definition 3, it would also
necessarily include markets where valuations are sums of unit-demand maxi-
mum functions. Unfortunately, this class is intractable and thus equilibria do
not exist for some markets. Therefore, the approach is silent about unit-demand
markets.

The distinction is also visible in the case of OXS valuations. A buyer’s valuation
Uy is OXS if there exist k£ unit-demand valuations with weights Cg € Q and scopes
xj, j=1,...,k, such that

k

Up(w) = max max CY.
1 i ]
S8R C Sy (w) jzlyesjmxj
S'NS? =z for i#j

Note the disjointness requirement: the unit-demand clauses may value overlap-
ping sets of goods, but in the optimizing representation each allocated good may
be assigned to at most one clause. Thus OXS is not a pointwise sum of unit-
demand valuations either. The disjointness requirement is not captured by the
market class defined above and cannot be captured under algebraicity. The fact
that the class is otherwise intractable shows that this is a crucial requirement for
equilibrium existence for OXS.
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Both problems have the same explanation: the tractability of these classes cru-
cially rests on restricting the structure of the allocation or utilities. The bipartite
nature of such markets cannot be encoded within the algebraic framework.

8. CONCLUSION

This paper explores the three-way connection between complexity theory, lin-
ear programming, and market equilibria. The aim is to inform market design by
identifying classes of valuations that ensure the existence of equilibria. Proposi-
tion 1 is a step in this direction, offering an alternative view on the relationship
between tractability and equilibria beyond unimodularity.

Proposition 2 also has an important negative implication for market design.
It shows that for markets in which all unary valuations are allowed, a restrictive
form of supermodularity is the only structural property that guarantees equilib-
rium existence. For private goods, this condition requires utilities to be super-
modular with respect to some ordering of the buyers, which is highly restrictive.
Thus, if additively separable components cannot be excluded, there is very lim-
ited scope for general equilibrium-existence guarantees beyond simple additiv-
ity, and one must look beyond global properties such as conservativeness.

Moreover, several classes of valuations known to admit equilibria do not align
with the algebraic structures considered here. Foremost, assignment markets as
studied by Shapley and Shubik (1971) rely on the bipartite nature of interactions,
which require structural constraints absent from the relational VCSP framework.
Exploring this ‘other side’ (Carbonnel et al. (2022)) of valued constraint satisfac-
tion problems could yield further positive results for new classes of valuations.

APPENDIX: REMAINING PROOFS

The following definitions and results will be used in the proofs. These are
adapted from the VCSP literature (Cohen and Jeavons (2006), Zivny (2009)).
For any VCSP instance I = (Y, D, f) and any ordered tuple of distinct variables
r=(2(1),...,7;) € Y, the projection of I onto x, denoted 7, is defined as:

ff(d) =max{f(w) |w:Y — D such that w(z) =d}.
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Intuitively, a projection is a restriction of the cost function of the instance to a
smaller subset of variables. A function ¢ : D¥ — Qs expressible over a valued con-
straint language I if there exists an instance / € VCSP(I") and a tuple of variables
xin I such that § = f~.

The following result from Zivny (2009), which is a tightening of the origi-
nal polynomial-time equivalence in Cohen and Jeavons (2006), establishes that
adding functions to a language I" that are already expressible in it does not signif-
icantly change its complexity.

THEOREM 3 (Zivny 2009, Theorem 2.3.4). For any valued constraint language T
and any function 0 expressible over T', the problems VCSP(I") and VCSP(I' U {0})
are log-space equivalent.

This invariance translates to a similar notion for the economic setting. If a cer-
tain welfare function can be constructed by combining the utilities of existing
agents (e.g., a "coalition" maximizing their joint payoff), introducing an agent
with explicitly that preference structure does not alter the existence of equilib-
rium.

Additionally, the computational complexity of a language is invariant under
positive affine transformations (Cohen and Jeavons (2006), Zivny (2009)). Adding
a constant to a function is a monotone transformation that does not affect the
set of optimal solutions. Scaling a function by a positive rational factor is equiv-
alent to having multiple copies of the component, which is covered by Theorem
3. Thus, any language is closed under these operations without loss of generality.
Formally, let « be the constant unary function defined by «(d) = 1 for all d € D.
Then the following is immediate:

REMARK 3. Let I' be a finite-valued constraint language. Let I be obtained by
scaling functions in I" by rational factors. Then VCSP(I") is NP-hard if and only if
VCSP(IV) is NP-hard, and if and only if VCSP(I" U {.}) is NP-hard.

I now prove the main result.
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PROOF OF PROPOSITION 1. Consider any market M = (B,Y, D, (Up)ren, (Vy)yey)

in the class. For each buyer b, let x;, be a scope constructed by ordering the set
of all distinct goods that appear in any of buyer b’s components {(x+, fp+)}:. Let

f» be defined by fi,(w(xp)) = Up(w) be the buyer’s utility expressed as a single func-

tion on this combined scope. Let ky = |xp| = ar(fp)-

Construct a VCSP instance (Y, D, f) with objective function

F@)=>" flw@)+ > Vylwy)).

beB yey

This instance belongs to VCSP(U U { fy },cp). Note that f; is expressible over ¢/
because it is a sum of functions in ¢/. By Theorem 3, adding { f;},cp to the lan-

guage does not change its tractability. Thus, considering the extended language

U U { f»}rep is without loss of generality.
The BLP for this instance after simplifying is:

max > Y fol(ddat YD Vildpya,

beBdeD"b yeY deD

s.t. Z Ab.d = Hay(r).d

deD%:
d(r)=d

Vbe B,re{l,...,ky},d€ D,

Hy,d = 1 Vyey,

deD

Z Apa=1 Vb e B,

deD%

A, > 0.

The dual program of (4) is:

minZub+ Zvy,

beB yeyY
stvy > Vy(d)+ Y ply,d.b)
beB:
YeTy

ky
up > fo(d) =Y plap(r),d(r),b)
r=1

VyeY,de D,

Vbe B,d € D*.

(4)

)

=

w
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Since the BLP solves the instance, there exists an integer primal solution. Let
w € 2 be an allocation, such that w(y) = d iff 11, 4 = 1. The constructed w is a well-
defined allocation by the constraints of the primal problem. By strong duality,
there exists a dual solution (v,u,p) with the same objective value. The comple-
mentary slackness conditions imply

'ui%d:]' = Uy:%(d)‘i‘zp(y,d,b), (6)
beB:
ISk
Ky

Ma=1= uy=fo(d) = > play(r),d(r),b). (1)
r=1

These are exactly the Seller and Buyer optimality conditions for the market equi-
librium (Definition 2). Optimization by sellers is equation (6) combined with the
first dual constraint, and optimization by buyers is equation (7) combined with
the second dual constraint. Thus, (w, p) is a market equilibrium.

To prove the converse, suppose Market(l{) is intractable. By Theorem 1, since
the class is intractable, there exists an instance that is not solved by the BLP i.e.
for which the BLP is not exact. The corresponding market can be represented by
a set of components {(x+, f+) }. Construct a market M/ where each such compo-
nent corresponds to one buyer ¢’ with utility Uy (w) = fp+(w(zp¢)). This market is
also in Market(U/). Linear program (4) is the BLP for this market as well since W (-)
for the two problems and the respective optimization problems are equivalent.
Since the BLP is not exact, the optimal value is strictly larger than the value of ev-
ery integral feasible solution. If this market admitted a market equilibrium, the
equilibrium allocation and prices would generate an integral primal solution and
a dual solution satisfying complementary slackness, hence an integral optimum
of the BLP. This contradicts non-exactness of the BLP. Therefore this market has
no market equilibrium.
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PROOF OF PROPOSITION 4. Fix an iteration of Algorithm 1 with current prices p.
For each buyer b € B, let

deDkb

Ky
up = max (fy(d) = Y plan(r),d(r),b)).
r=1
and let Dy (p) be the set of maximizers. For each good y € Y, let

vy =max(Vy(d) + Y ply.d.b) ).
beB
and let S, (p) be the set of maximizers. Then (p,u, v) is feasible for the dual of the
BLP (5), and the constraints indexed by D, (p) and Sy(p) are binding at (p, u, v).
Let (Ap, Au, Av) be an optimal solution to the RDP ((3)) with objective AW =
> yey Avy + 3 e p Aup. Because the RDP is the dual of the RPP, strong duality
implies AW > 0. If AW > 0, consider the update

pt=p—eAp, ut=u—eAu, v =v—eAw.
For sufficiently small ¢, all dual constraints that were slack at (p, u, v) remain slack
at (p*,u™,v"), while the RDP inequalities ensure that the binding constraints
indexed by Dy (p) and S, (p) remain satisfied; hence (p*,u*,v*) is dual-feasible.
Moreover,

ZU;—I—ZUZ_:ZU?J—I—ZUI,—EAW< Zvy—l—Zub,

yey beB yey beB yey beB
so the dual objective strictly decreases whenever a price update is performed.
Since the demand and supply correspondences are subsets of finite sets, only
finitely many RDPs appear. Hence, whenever the RDP optimum is positive, it
is bounded away from zero by some common constant § > 0. Thus each price
update decreases the dual objective by at least e4. Since the dual objective is
bounded below by the BLP optimum, only finitely many updates are possible,
and the algorithm eventually terminates.

At termination, the RDP optimum satisfies AW = 0, hence the RPP optimum

is also 0. Let (\,u) be an optimal RPP solution. By construction of the RPB
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(A, n) is feasible for the BLP (4) and satisfies the complementary-slackness con-
ditions. Thus (A, 1) is an optimal BLP solution. If (A, ) is integral, define w by
w(y) =d <= pyq=1. Then the dual (5) and complementary slackness condi-
tions yield buyer and seller optimality, so (w, p) is a market equilibrium. If (A, ) is
not integral, then the BLP does not solve this instance. By Theorem 1 and Propo-
sition 1, a market equilibrium does not exist. O

I now prove the characterization for the algined market classes introduced in
Section 5.

PROOF OF PROPOSITION 3. Consider a market
M = {(B,Y,D,(Up)pen, (Vy)yey) € Market™ (U).

Let D = B and let aggregate components {(z¢, F;) };c7, functions f;; and con-
stants 3, for b € B, t € Ty, satisfy Definition 7.
Construct the aggregate VCSP instance

f@) =) Fiw)) + > Vy(wy)).
tel yey
This instance belongs to VCSP(U).
Now construct another linear program that represents the buyers’ utilities sep-
arately. It is referred to as a separable linear program (SLP) below.

max Z Z Z foi(d)Xop.a + Z Z Vy(d)piya

beBteT, de Dkt yeY deD
St Y Nt = Hay(r).d Vbe B, teTy,, r=1,...,k, de D,

deDFt.
d(r)=d

fry,d =1 Yy ey,
deD
> Mpa=1 Yoe B, tcT,

(8)
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I first show that BLP and SLP have the same optimal value. Given any feasible

solution (A, i) of the original BLP, define

Mid=Ma VbEB,teT, de DM,

This gives a feasible solution of SLP (8), and the objective values are equal by

aggregation. Hence the value of SLP is at least the value of the BLP.

Conversely, fix any feasible solution (), 1) of SLP. For each ¢t € T, define

Mp = Mmin
’ TZI,..,,kt

beB

Hai(r),b> Ry=1- Z M-

Then ji,, ()0 — mae > 0and >y p(fig, (r),a — M) = R for all . T will say that d is

constant if it is of the form (b, ..., b) for some b € B. Define )\, by

(

Ry

r=1

kit
Fay(r),d(r) — Md(r),t
Rt H Rt )
r=1

\

The constructed ), places as much mass as possible on assignments of the form

Mp.t, if R; = 0 and d is constant,

0, if R; =0 and d is not constant,

k¢
. —m
Atd = Mg+ Re [ Hat(r).d(r) d)f " if R, > 0 and d is constant,

if R; > 0 and d is not constant.

(b,...,b) and then distributes the rest to satisfy the constraints. Then \; > 0,
Y deDkt S\t,d =1,and, foreveryr=1,... k;and d € D,

Z 5\t,d = ,uxt(r),d'

dcDkt.
d(r)=d

For each b € B with ¢ € Ty, feasibility of SLP gives

Aoyt (b, h) < Z Abt.d = Hay(r),b

deDFt:
d(r)=b

Vr=1,...

Ky
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Hence

bt (b, b) < Mt

Therefore, since Cp,; > 0,

Z Ft(d)j\t,d > Z Ch, iyt

deDkt beB:
teTy

> Z Cot bt (b,...b)

beB:
teTy,

=Y > fuldpra

beB: de Dkt
teTy

Summing over ¢ € T, and adding the common seller term

Z Z Vy<d),uy,da

yeY deD

shows that the BLP has value at least as large as the SLP. Hence the BLP and the
SLP have the same optimal value.

By assumption, the BLP solves this instance with an integer solution corre-
sponding to some allocation w. Let (), ;1) be the variables that correspond to this
solution. This solution is feasible for SLP and corresponds to the same allocation
w. Its objective value is

ST halwla) + 3 Velww) = 3 Fulwla) + 3 Vy(w(y),

beBteTy yey tel yey

where the equality follows from the aggregation condition. Hence its value is
the optimal value of BLP. Since BLP and SLP have the same optimal value, the
induced integral solution is also optimal for SLP.

Conversely, if the aggregate BLP is not exact, then

val(BLP) > max W (w).
w

Integral feasible solutions of BLP and SLP are induced by the same allocations
and have the same objective values. Therefore the best integral value of SLP is
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also max,, W (w). Since

val(SLP) = val(BLP),
we obtain

val(SLP) > max W(w).

Thus SLP has no integral optimal solution.

[t remains to connect SLP to equilibrium. The dual of SLP is

min Z Uy + Z Z Upt,

yey beBteTy
st vy >Vy(d)+ > plydbt) VyeY,deD,
beB, teTy: (SD)
yext
ups > fre(d prt r),b,t)Vbe B, t € Ty, d € D

By the same argument as in the proof of Proposition 1, a market equilibrium ex-
ists if and only if SLP has an integral optimum. Indeed, if SLP has an integral
optimum induced by an allocation w, let (v, u, p) be an optimal dual solution sat-
isfying complementary slackness. Define

pr(y.d.b) =Y ply,d,b,t).

teTy:
yeTt

Complementary slackness and the second family of dual constraints imply buyer
optimality at p*. The first family of dual constraints and complementary slack-
ness imply seller optimality. Thus (w, p*) is a market equilibrium.

Conversely, suppose that the aggregate VCSP class generated by Market® (2/) is
not solved by the BLP. Then there is an instance

> Fiw(@))+ Y Vy(w(y))

teT yey
arising from some market M € Market® (1) such that its BLP has no integral opti-
mal solution. By the value-equivalence between the BLP and the SLP established
above, the corresponding SLP also has no integral optimal solution. Since these
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conditions correspond to the conditions for market equilibrium, a market equi-
librium exists if and only if SLP has an integral optimum. Then by the same argu-
ment as in Proposition 1, there is no pair of an allocation and a price vector that
would be a market equilibrium for this market. O
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